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ASYMPTOTIC AND NUMERICAL APPROXIMATIONS OF THE
ZEROS OF FOURIER INTEGRALS*

DAVID SENOUF
To the memory of Midge Bennahum.

Abstract. The asymptotic behavior as y — +oo of Fourier integrals of the form

° 2n_ .

fn(y) = / e neN, n>2
— 00

is derived via the method of steepest descents. A general formula is found for the coefficients of

the expansion of fy(y) in the sector |argy| < 23;1 5 centered about the anti-Stokes line y € R. A

high-order asymptotic approximation of the real zeros of fy(y) is also obtained. A simple numerical

method designed to compute the zeros of fy,(y) is described. For n = 2 and n = 3, the asymptotic

estimates of the zeros are compared to numerically computed values.
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1. Introduction. In [20], Pélya showed that functions of the form

o0
/ e_at4n+bt2n+d2+iytdt, neN, n>1, a>0, beR, ¢>0, (L1)

— 00

have only real zeros. Similar results are found in [19] concerning functions of the form
> 2n ) .
fn(y) :/ et Tty neN, n>2. (1.2)
—0o0

In [7], de Bruijn generalized Pdlya’s results to a larger class of functions whose zeros
are real. Recently, Paris analyzed in [16] a generalized form of the Pearcey integral
of which the “Pélya” functions given by (1.1) are particular cases. He studied the
asymptotic behavior of

oo
P/ (X,Y) :/ WX Y W gy eN, n>2, (1.3)

—00

as | X| — oo or [Y]| — oco. By rotation of the path of integration (u = teir) and use
of Jordan’s lemma, it can be expressed as

PI(X,Y) = P,(z,y) = et / e et Fivt gy (1.4)

with # = Xe~7 and y = Yein. For n even, x > 0, P,(z,y) falls into the category
of functions (1.1) considered by Pélya. For z = 0, f,, and P, are related by f,(y) =
e~ P,(0,y). The Pearcey integral Py(z,y) has been studied by Kaminski [14], Paris
[17], and references therein. The advantage of the method described by Paris is that it
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avoids the complicated, sometimes impossible task of finding a closed-form expression
for the saddle points.

Although a large portion of this work is devoted to the derivation of the as-
ymptotic expansion of f,(y) as y — +oo, our main objective is the derivation of
asymptotic approximations for the zeros of f,(y). The order of this real analytic even
function, which is defined as the positive number )\, for which maxy—, |fn(y)] <
exp(r’» 7€) Ve > 0 as soon as r is sufficiently large, is the rational number 1 < \,, =
fojl < 2. The order being fractional, it is known that f,,(y) has infinitely many zeros
[2, 4], which, from the results of Pélya, must be real; thus we are mainly interested
in the behavior of P,(0,y) for large real values of y. The expansion we find is an
expression on the anti-Stokes line argy = 0 where two saddle points have equal con-

tributions. Hence we first consider the real-valued function f,(y) : R — R, which, by

1/(2n— n—
) o

). (15)

£ Y for |argy| < 7/2, can be expressed in

terms of another function F),(u) defined as follows:

o= () ()7

where for |arg u| < 7/2,

the change of variable t — z ( Y

o] ) . +oo N
F,(p) :/ et (2niz=="") g, 2/0 COS(271/LZ)€7“Z2 dz. (1.6)

— 00

The advantage of introducing the function F, (u) is that its saddle points are fixed to
the unit disk, contrary to those of f,(y), which depend on the large variable y.

The expansion of functions of the type of f,(y) can be found as early as 1916 in
the work of Brillouin in [5] and then in 1924 in the work of Burwell [8], who obtained
first-order asymptotics for the location of the zeros of such functions (see also [3]).
Recently, Christ also characterized the zeros of similar functions in [9, Lem. 2.1]. In
[18, Chap. 3], Paris and Wood investigate the asymptotic properties of high-order
differential equations whose solutions have integral representations closely related to
(1.2). In their work, they derive recurrence relations to determine the coefficients of
the asymptotic expansions (see, for example, [18, Eq. 3.4.16]). We provide a different
approach than Paris and Wood’s using the classical method of steepest descents, and
we derive the full (generalized) asymptotic expansion of F,(u) as p — +oo valid in
the sector |argu| < m/2 together with high-order asymptotic approximations of its
zeros. We provide a systematic way of calculating every coefficient of the expansion
of F,(u) via series reversion in terms of multinomial coefficients. This formulation
can be compared to the results of Paris and Wood in [18] in which the coefficients are
described by a 2n-term recursion relation which is derived from ordinary differential
equation (ODE) methods.

In the last section, we describe a simple numerical algorithm which computes the
zeros of the function F, (p). This algorithm is efficient for small values of the zeros,
and for n = 2 and n = 3, it is implemented to gauge the accuracy of the asymptotic
estimates. An application of the high-order asymptotic approximations of the zeros
of Fy(u) derived in this article can be found in [22]-[24].

We introduce the following definitions and notations.

DEFINITION 1.1. Compound asymptotic expansion (c.a.e.) of f(z) with respect
to the asymptotic sequences {pk(2)} and {¢2(2)}: we write
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f( z::zo 91 [Z fn n

where it is understood that

)~ g1(z [Zf + g2(2 [Zf ))1 as z — zp.

As an alternative to a c.a.e., it may be possible to express the asymptotic expan-
sion of f(z) as a generalized asymptotic expansion.

DEFINITION 1.2. Generalized asymptotic expansion (g.a.e.) of f(z) with respect
to the asymptotic sequence {¢,(z)}: let {dn(2)} be an asymptotic sequence as z —
z0 € R, where R is a region in the complex plane and f(z) and f,(z), n =0,1,...,
are functions such that for each positive integer m,

+ 92 [Z fn {¢2 }‘|

an )+ 0 (¢pm(z)) (2= 20 € R).

Then we say that ), fn(2) is a g.a.e. with respect to the asymptotic sequence {pn(z)}
and write

an 2); {én(2)} as z — 29 € R.

For convenience, we also write it as
z—>z0
E fu(z
{¢n s

We prove the following.
THEOREM 1.1. Let n € Nyn > 2, and for |argu| < 7/2, let

Fn(,uf) _ / et (2niz—z

2n

)dz.

The g.a.e. of F,,(1) as p — +oo with respect to the asymptotic sequence {¢;(un) =
w7}, valid in the sector |arg pu| < m/2, is

— 400 47
Fn(p) =

gy \[n@n—Dp P {_“ (2n—1)sin <4nﬂ 2) } Ho (1),

where
N O _ m T ,
H,(p) = jE:O " cos (,u (2n — 1) cos <4n — 2) + yrep 2(1 n(l+ 2])))

and the coefficients o, ; are normalized rational numbers (a0 = 1) given by

o - LG+L2) (1/2—1—— L i
" ﬁ(n(2n—1))j mzzo{ (n(2n — Z 1;[ o (k+2) }
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!/
The summation E is to take place over all possible o = (01, ...,09,_2) € N*n=2
o

such that o1 +0o9+-+-+09p—o = m and o1 +209+- -+ (2n—2)02,—2 = 2j. Moreover,
the first-order approximation of the kth ordered positive zero of F,, (1) is given by (for
k>1)

(0) ™ ™ n—1 1
= —142k)+0(+ 3 .
Pl = g =9 ¢ <4n2) <2n1 * >+ (k) a5 = oo

Let

sec(+72) nw a2 | —2a,9 2nmw
Gn — 4n—2 n L3 _ n, E L
(1) “+(2n—1)u{a ’”m<2n—1> on T\ 2n-1

™ 2
ap | —3an,10m2 + 3003 ( 3nm ) sec(75) iy . ( nm )}
Sin — S11 .

* 3u? 2n —1 2n—1) p 2n —1

Then the fourth-order approximation is given by
-G (0) 0 1 k
Hen = Gn {Hg ) + e ask — —+oo.
The corresponding kth ordered zero yy ,, of f,,(y) is given by

2n—1

Yen = £2n (k) 27 (1.7)

Similarly, the corresponding expansion for the function f,(y) is obtained from that of
F,(u) by relation (1.5). Note finally that the behavior of f,(y) is exponentially small
for large y in the sector |argy| < 7/(4n), and the behavior of F},(u) is exponentially
small for large p in the sector |arg | < 7/(4n — 2). In the respective complements
of these sectors within |argy| < 22=1Z (resp. |argu| < m/2), the behavior of f,(y)
(resp. F, (1)) is exponentially large for large y (resp. large u) (cf. [17, §5]).

—oooo el"(4iz—z4)dz as p — +OO-

We first describe the procedure for n = 2 corresponding to a special case of the
Pearcey integral, which we generalize in the following section to arbitrary n € N. The
result in this section has been derived by Paris and Wood in [18, pp. 64-72] using
differential equation methods and will serve as comparison. The coeflicients they
derive, corresponding to the coefficients ap ; in Corollary 2.2, are given in terms of a
recurrence relation, whereas we offer a different approach and a different formulation
in terms of elementary functions and combinatorial coefficients. This section serves
as exposition for the general case n € N and as such contains more details.

We are interested in deriving an asymptotic expansion of F'(u) as p — +00, where

2. Asymptotic expansion of F(u) = [

o
F(p) = / @ dz w(z) = 4iz — 2

—00

The method we use to do so is a standard method for asymptotic expansions of
integrals depending on a parameter (cf. [6, 11, 25]). This method, known as Debye’s
method of steepest descents, is based on deforming the original path of integration
through the local extrema of the integrand. The new path is chosen in such a way
that along it, the integrand does not oscillate; i.e., the imaginary part of w(z) remains
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constant. If there are several extrema z,, only those for which Rw(zs) is greatest
are taken into consideration. Those that qualify are called the contributing saddle
points. In our analysis, we expect two such extrema which must satisfy the condition
Rw(z0) = Rw(z1). These two equally relevant saddle points allow for the cancellation
which generates the zeros of F(u).

2.1. Saddle points, steepest paths, and contour deformation. We first
locate the zeros of w'(z), which we denote z; = & + in, and refer to as the saddle
points of the integrand. For the quartic polynomial w(z) = 4iz — 2%, there are three
saddle points:

S5mi i

0=w(zs) =4i — 423 = {20,21, 22} = {e%,e G ,67%-}. (2.1)

To determine which saddle points have a dominant contribution, we find Rw(z;) for
5 =0,1,2. Since 0 = Zw'(z,) = izs — 22 we find w(zs) = 4izs — 2% = 3iz, and

S

therefore
{w(z0), w(z1),w(z2)} = {35 3¢ 3}
- {—3/2 +i3V3/2,-3/2 —i3V3/2, 3} .
It would therefore seem that the dominant contribution comes from zo = —i. However,

we will see that it is not possible to deform the original integration path through zs.
It is also apparent that zy and z; are equally valid candidates, for they have the same
contribution:

Rw(z) = Rw(z1) = —3/2.

It is, in fact, this symmetry which allows for the cancellation of the two asymptotic
expansions generated by zg and z1, which in turn will permit the determination of the
asymptotic zeros of F'(u) with as much precision as necessary. Note that subsequently
we often use the subscript s to state a property that is valid for both relevant saddle-
points indexed by s = 0, 1. The deformed path of integration must satisfy the following
conditions:

(i) The new path must go through a zero z; of w’(2).

(ii) Sw(z) = Sw(zs) on the new path.

(iii) Rw(z) < Rw(zs) on the new path.

The next step consists of analyzing the hills, valleys, and paths of steepest descent
and ascent of these saddle points. The level curves separating the hills and valleys of
the saddle points zs and the steepest paths emerging from them are given by

(i) steepest paths: S {w(z) —w(zs) } =0,
(ii) level curves: R{w(z) — w(zs) } =0,
where

w(z) = w( +in) = 4i(¢ +in) — (€ +in)*
= —dn — &'+ 60°C —nt + 4i(E - En+ o).

The level curves that separate the hills and valleys above and below the saddle
points are determined by the real branches of the following equations:

—dn — €1+ 6022 —nt = Rw(zs),
{Rw(z0), Rw(z1), Rw(z2)} = {-3/2,-3/2,1}.
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Solving the biquadratic equation in £ for £ as a function of 7 wherever it is permitted
(both & and 7 are real variables), the asymptotic behavior of these curves as 7 — +oo

is given by £(n) ~ £1/3 £2v/2n; that is, they all end at oo exp(%THm') for some
keN.

The steepest paths out of each of the saddle points are determined by the real
branches of the following cubic equations:

§—&En+&n’ = Sw(z)/4,
(Sw(z0), Sw(z1), Sw(z2)} = {3\/3/2, —3\/3/2,0} .

It can be shown that the (steepest) descent paths emerging from the saddle points
go from coe’™/? «— 2y — 400 and from —oco «— z; — coe’™/?; the (steepest) ascent
paths go from ocoe~ /4 /4 and from coe™™/* — z; — oc0e®™/4. The
steepest descent path through zo = —i is the imaginary axis (¢ = 0), and as such,
we may not deform the original path through it. Therefore, this saddle point does
not contribute to the asymptotic expansion of F'(u). The convergence of the integral
is preserved because the new paths always remain in the valleys of zy and 21, and
w(e'?z) = O(—(i2)*) = O(—2%) as z — +o0o0. The path deformation through z,
and z; displayed in Fig. 2.1 is justified by a simple application of Cauchy’s theorem.
The solid lines represent the steepest paths and the dotted ones represent the level
curves separating the hills and valleys above and below the saddle points zg, 21, 22.
The complete topography of the surface u(&,n) is shown on Fig. 2.1.

Although we have just seen that it is possible to carry out the full (global) analysis
of the steepest descent paths, it is not necessary do so. From a local analysis of the
steepest directions at the saddle points, one can choose a simple path that will have
the desired properties. Let g be the steepest descent direction at the saddle point z
(also known as the axis of the saddle point z,). It is determined by the inequality

— zg — ooe

w//(zs)

2
(z — z5) o

< 0= arg{z — z,} = +7/2 — arg{w"(z,)}

(cf. [6, Chap. 5]). Since a; = lim,_,,_ arg{z — z,} along the steepest paths, where the
correct choice of a is determined by the direction in which the saddle point is crossed,
we find that oy = —(—1)°7/6. The path we consider is a combination of half-lines
and line segments in the complex plane: v = (—oo7 —\/3] ULiULyu [\/g, —i—oo)7 where
Ly and L; are given by

Lo: z(t)=e7/0 4 eim/6p 1<t <1,
Ly 2(t)=e®™/0 pem/6 —1<t<1

(see Fig. 2.2). Note that L is the parametrized line interval z(t) = z, + e!®:t for
—1 <t < 1, on which 2(0) = zs, 2(—1) = —v/3, z(1) = i on L; and 2z(—1) = i,
2(1) = V3 on Ly. Let hy(t) = R{w(z(t)) — w(zs)} : [-1,1] — R. Since hy(t) =
—6t% — (=1)*2t3 + t4/2, its only maximum for ¢ € [—1,1] is located at t = 0, which
corresponds to z = z,. Hence the maximal contribution on the paths Ly, L; occurs at
z0,21- Moreover, the contributions on the real intervals (—oo, —\/5] and [\/?:, —|—oo)
are negligible since ®w(z) = —z*. Thus the new path ~ is admissible and we can still
apply the series-reversion process that follows. Indeed, we would only need to verify
that the steepest descent path runs from 4oo to ico, and we would infer that the
descent path v is asymptotically equivalent to the steepest descent path T
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——= steepest path
—————— level curve

Fic. 2.1. Hills, valleys, level curves, and steepest paths of the saddle points zo = €'™/6,

e®7/6 relevant to the expansion of F(u) = o er(@iz=2Y) 1y g5 # — +o00.

zZ1 =

Now that the path deformation is justified, we can proceed with the expansion
regardless of whether we use the exact steepest descent path I' or just an approximate
descent path . Since on the steepest descent paths S {w(z) — w(zs)} =0for s =0, 1,
we have w(z) — w(zs) = —7, 7 € RT. Therefore,

(i) as z — e*300 for k € N, 7 = w(z,) — w(z) — +oo0,
(i) as z — z5, 7 = w(zs) —w(z) — 0.

Deforming the path of integration from the real axis to
F=Tyul;=I; - +T¢-Tg,

F(u) can be written as

F(u) = / M)y = / () gz —|—/ M (2) gz,
r r;-rf rfy-ry

Here Fsi are the respective steepest descent paths emerging from the saddle points
25, where the =+ signs refer to the corresponding branches zF (1) of the solution to the
equation 7 = w(z,) —w(z) on T'y. The assignment of the correct branches 2z (7) to the
two steepest descent paths emerging from the saddle points zs will follow once we have
the series expansion for zF(7) about 7 = 0. Proceeding with the path deformation,
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z,, z, = relevant saddle points s.a.p = steepest ascent path
O = argument of axis s.d.p.= steepest descent path
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Fic. 2.2. Comparison of the lacal/global analysis of the hills, valleys, level curves, and steep-

est paths of the saddle points zg = 6”/6, 21 = e7/6 relevant to the expansion of F(u) =
1= en(diz=2") g, g5 i — ~oo.
we have

F(“):/, etz dz+/ pi(w(z0)=7) g,
Fl _Fl

+ _
L A

+oo dzT dzT
_ plw(z)-7) (%1 9% d
/0 c ( dr dr >(T) g
Hoo dzd dzy
w(w(zo)=7) (220 _ 270 d
+/0 ¢ ( dr dr )(T) g

+oo
= (71)Seuw<25>/ O (1) e " dr,
0

s=0,1
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where ®4(7) = (djg - d;';_) (7).

2.2. Series reversion. We have transformed the original integral into a sum
of Laplace integrals. It is now necessary to find a series expansion in the sense of
Watson (cf. [11, §22]) for ®,(7) and justify the use of Watson’s lemma in order to
obtain the asymptotic expansion of F'(u) by term-by-term integration. From the
Lagrange formula for the reversion of series (see [12]), we can invert the equation
7 =w(zs) —w(z) for z as a function of 7 for 7 near 0. We find that the two branches
2F(7) corresponding to the steepest descent paths starting at z = 25 (0) = z, are
given by convergent series in powers of /7 in a neighborhood of T = 0:

x T) = zs + Z cn(zs) (i\/?')n, (2.2)

where

en(z2) = L 1im dnff {f(z)*nﬂ}, (2.3)

n! 25z, dzn—1
and f(z) = (w(zs) — w(z)) /(2 — 2,)? is defined by
T=w(zs) —w(2) = (2 — 2:)°f(2) = (2 — 25)? (622 + d2s(2 — 25) + (2 — 25)°) .

In the definition of the coeﬁiments cn (zs), we are taking the principal value of the
square root of f(z) for which \/f(z,) = v/62s. We thus have

(1) = 3 Sealz) (21T (2.4)

so that

dzt dz7 e 1—(=1)"
Py(r) = 7= — = = > nen(z) ((2)) n/2-1

n=1

We may now look into assigning different branches of z¥(7) to the different paths
I'f. The motion of zF(7) along the paths I'T as 7 increases from 7 = 0 to some
0 < 7 < 1 is determined by

2E(1) = 2z £ e1(2s) VT + O(7) as T — 0. (2.5)

Since ¢;(z,) = lim, .. f(2)"/2 = (V/62,)7', we have arg(c;(z,)) = —arg(z,). Since
arg(z0) = 7/6 and arg(z1) = 57/6, we have cos(arg(z1)) = cos(57/6) < 0 and

cos(arg(zp)) = cos(m/6) > 0. Hence zj (7) has increasing real part for 7 increasing,

and therefore 23 () is the branch that goes from zy to +oc and conversely z; (7) is
the branch that goes from zy to €% oco. We name the branches, respectively, I‘a' and
I'y . Similarly, we find that z; () is the branch that goes from z; to €' oo and 2] (7)
is the branch that goes from z; to —oo. We name the branches, respectively, I'] and

Tt
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2.3. Watson’s lemma and asymptotic development. In order to apply
Watson’s lemma, we need to verify that

dzF  dz7
D,(1)| = — 2| < KePm
[®:(7)] = dr dr < e
for some positive K and b independent of 7 when 7 > 79 > 0 (see [11]):
T =w(zs) — w(z), for z € I'y
dr .
o= —w'(2) = 4(2° — i) = 4(z° - 22)
dzf dz; 1 1 1
D (1) = (1) - B (r) = = - .
= @)= (-G =5 <z:<7>3 R )
Since |®4(7)] = O(1) as T — +o0, using Watson’s lemma, we may substitute the

series expansion of ®4(7) (in the sense of Watson) and integrate term by term to
obtain a compound asymptotic expansion with respect to the asymptotic sequence
{én(p) = =™} (see Definition 1.1):

s=0,1
> 1
_ § —1)® pw(zs) § 9 1)can )T - —(”"!‘1/2)'
s=0 1( ) ’ n:O( " >02 +1(2 ) <n i 2> 8

We let

2n
an(22) = (20 + D)eapan (24) = ﬁ tw 0 {ream) g

so that
+oo 1 N !
Fu) "3 — (—1)%erw ) N " g (24) F(n + ) o (2.7)
N S:Zm ; 2

We proceed with the explicit determination of the coefficients a,(z;s) in the expansion
of F, where a,(z,) is the 2nth coefficient in the Taylor expansion of f(z)~("*+2) about
z = zs. Using the binomial theorem twice, we find

Cnt1/2) ) ) —(n+1/2)
()™ o)

S (D) e

k=0 j=0

In order to take into account every term that contributes to a,(zs), we find the range
of k over which we sum by setting 2k — j = 2n, that is j = 2(k — n). Since j ranges
from 0 to k, k ranges from n to 2n. Thus summing over k from n to 2n, we find

6~ (n+1/2)

S ) ) ()

k
_ - (2n+1/2) ,—(4n+1) i <—ﬂ %) (k + n) (8) .
8 k+n 2k 3

k=0

an(ZS) =
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We introduce normalized coefficients (ap = 1) which do not depend on z,: let

an =1T(n+1/2) \/E n(2s) 28"

then the compound asymptotic expansion of F(u) with respect to the asymptotic
sequence {p~ "} as p — 400 is

oo
p,—r‘roo / 6 ep.w(zs) Z O[nZ;(4'1’14»1)'1.11711’
K s= 0 1 n=0

where the rational coefficients «,, are given by

et SEE T

The first five values of «,, can easily be computed using a computer algebra system
such as Mathematica [21] either directly from (2.8) or using the Mathematica code
provided in C (see also Table C.1):

7 385 39655 665665
144 7 amar2’ T 179159047 T 10319560704
One can compare the coefficients «,, to the coefficients ¢, introduced by Paris and

Wood in [17, p. 397] and [18, p. 72, Eq. 3.4.16], which are found via a 4-term recurrence
relation. It is easy to see that they are related by «,, = ¢,/3™. Since

ap = 1, a1 = (29)

w=c, 2t = w(z) = w(e’) = 5 H i
5z - 3 3V3
L S ) )= S B

we have

n=0

oo
+ e_i(?’g“_%) Z anei%;r;f”} .
n=0

We can formulate this as a generalized asymptotic expansion with respect to the
asymptotic sequence {1~ "} (see Definition 1.2):

— 400 2
F(p) i t} \/fe*”‘ Zan cos <3\[u - % — ?) [T (2.10)
n=0

2.4. Asymptotic zeros of F(u). To determine the asymptotic zeros of F(u),
we make use of the compound asymptotic relation

o 3,Uz éH pn——+oo \/g ™ > 2nm _n
h(p) = 5" F(u) cos | 3 54§ nzz:oancos 5 ) H

T
. \/3 ) & . 2nm n
+ sin (32u ~ % nz::lan sin (3) w "o (2.11)
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Let hy, (1) be the partial sum

P (1) = cos ( g g) nfjoozn cos <2n7r) p" 212)
(e Enas)e

Then solving the equation h,, () = 0 is equivalent to solving

tan <3\/g — ) _ Lo cos (557) n7". (2.13)

3

14 5
2 6 S o sin (2%) o

that is,

S cos (22T)
c n=0 ( 3 ) : (2.14)

3
3\2[u—7rzk7r—tan_1<

where |tan™! z| < 7/2. For m sufficiently large, we have, as u — +o0,

tan~! D meg On COS (MTW) Pty m 7 7
an m == - +
n 2 96v3u 5763 u2

(2.15)
N 49 B 379351 N (>
497664 /3t 268738560 /3 115 ps )
Thus we have, as p — 400,
4
3\/§u—7r:k7r—{7r— ’ + ‘ + )
2 6 2 96v3p 5763 pu2 497664 /3 pd (2.16)
B 379351 } Lo ( 1 ) '
268738560 v/3 115 iy
Letting
WO = 2 (h-1/3), k=1, (2.17)
3V3
we have
©) 7 1 7 54193 1
— {1 —— o(—=). 2.18
P= Y s, { 61 518dpE 2799360, f T\ s (2.18)

We now state a lemma which enables us to improve the first-order asymptotic estimate
to a higher-order one. Its proof is based on the reversion of (asymptotic) series by
either Lagrange’s formula (see [15, p. 21, §8.4]) or using the method of successive
re-substitution (see A).

LemMA 2.1. If p© = O(k) as k — 400 and

a a a as a 1
u:u(0)+1<a2+3+§+3+i>+0<6)
w nooop w w w
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is an asymptotic relation which holds as p — +oo, then

2
— 0 9 a3 | G4 — 0105 | a5 — 3a1a2a3
p=p +u@<”*mm+ 0 o

— 2aya3 + 2a2a} — 4 1
ag aa; a14a2 a1a904 40 <6>
1(0) k

+ as k — +o0.

Combining (2.8), (2.17), (2.18), and Lemma 2.1, we have proven the following.
COROLLARY 2.2. For m = 2, the rational coefficients o ; in the expansion of

Fo(p) = [, eniz=a") g gre

e A (D) 6)

k=0

For k > 1, the approzimation of the kth ordered positive zero py o of Fo(p) is given

by
(0) 27 _1 1 N
Hio = 33 (k 3> O (k) as k — 4o0.

The sixth-order approximation is

1
pr2 = Ga (u,(;)%) +0 <I£6> as k — +oo,

7 1 7 5 53143
(1 (1 (12 (1 .
Golw) =1+ g3, ( 61 ( " T2 ( 12/ ( " 18900u>>)>

The fact that this is actually the expansion of the kth ordered zero of F(u) can
be proved by the argument principle (see [12, 15]).

3. Asymptotic expansion of F,,(u) as p — +oo. For n > 2 and |arg u| <
/2, we consider the function introduced in (1.6):

(i) = / eh (2niz=2"") g

—0o0

The saddle points z, of the integrand and their contributions are given by

wy(2) = 2niz — 227, zs = exp( 325 (1 + 4k)),
w)(zs) = 2nizs — 222" =0, = wy(zs) = (2n — 1)izs,
0= %w;(zs) =izs — zgnv §Rwn(zs) = —(271 - 1)(\}25

Thus

™

n—2

Rwp(25) = —(2n — 1) sin (4 (1—|—4k)>, kE=0,1,...,2n — 2.

On the two steepest descent paths emerging from relevant saddle points, we have

wn(2) = wn(22) = =(2 = 2)* fal2) = =7 <0,
2n—2 wflk.kg)(

k=0
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As before, we expect to have contributions from two equally relevant saddle points
which come in symmetric pairs satisfying the relation zyp = —Zz7 (see §3.2). The
assignment of the branches zF(7) to the steepest descent paths must be dealt with
carefully. From Lagrange’s formula, we express zF(7) as convergent series in powers
of v/7 in a neighborhood of 7 = 0:

Z;t(T) =zs+ Z cn,j(ZS)(i\/;)j

with

6rs(z0) = & lim {9 9r2),

— I y
gl z—z. dzi—!

Since ¢.1(2s) = fulzs) ™2 = (22”)71/2251*”7 the behavior of zF(7) in a neighborhood
of 7 =0 is determined by

25 (1) = 2 VT 4+ O(1) as T — 0.

L st
2n

v (3)

In the definition of ¢, ;(2,), we have taken the principal value of v/ f,(z) for which

VFn(zs) = /(%) 221, In what follows, we assume that the pair of relevant saddle
points {zo, 21 = —Zp} is the first pair with smallest positive imaginary part, that is,
20 = eXp(4::2) and z; = — exp(—4:;7:2). This is so because it is the only pair whose
steepest descent paths are admissible in the sense that the original path of integration
cannot be deformed through any of the steepest descent paths emerging from the other
saddle points with negative imaginary part. Indeed, such saddle points would yield
an incorrect increasing exponential behavior since we would then have Rw,(zs) =
—(2n — 1)Szs > 0. None of the other saddle points with positive imaginary part
(all saddle points come in symmetric pair {zs, —Z;} except those for which Rz; = 0)
have admissible steepest descent paths. Even if it were possible to deform the path of
integration through another pair, their contribution would be exponentially smaller
than that of the pair {z9, —Zp}. On the steepest descent paths I‘li corresponding to
the equation 7 = w(z1) — w(z), we have

o1
etan—2™

(%)

Following the motion of zi(7) along T'f for increasing 7 > 0 as in (2.5), one can
correctly choose the branches zli (7). Hence we see that the assignment of the branches
zli (1) changes from the upper branch to the lower one (as shown in Fig. 3.1) depending
on the parity of the index n. Note that this feature is not present in the case of zgt (7).
In the case n = 3, the paths of steepest descent labelled I‘(jf go from e5 0o «— 2z =

VT 4+ O(1) as T — 0.

() =2 F (-1

e — +00; the ones labelled I'f go from —o00 « 2, = —%5 = e — e 0o. There
is a third path labelled I's which connects Fi" and I'y. This third path remains in the
common valley of the saddle points zg and —%Z; and is subdominant with respect to the
other paths. In other words, its contribution is exponentially small compared to the
contributions of I'y and I';. In the general case, the topography remains similar. We
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n even n odd n even or odd

Fic. 3.1. Interchange of the branch assignment zf: (1) according to the parity of the index n.

expect the paths of steepest descent emerging from the saddle points at zy = eTno2
and z; = —%; to end in respective valleys. Let

D, =T Ty +T0" - 41y
denote the new path of integration, where

=" _ [T if n even,
L7 7 ifnodd

_\yn+1
and reciprocally for I‘g """ The asymptotic behavior of these paths is as follows:

].—‘3_220*>+OO, FO_:ZOHooe”/"
Fgf)nﬂ 12— ooei(”_”/”), Fgf)n 7 — —00,
Ty : 00 e!(T=T/M) _ oo ei™/m,

One can also choose a simple descent path which is the straight line ~, : Sz =
Qzp = sin(g) in the complex plane going through both saddle points zp and —Zg
parallel to the real axis depicted in Fig. 3.2 as a dashed path (see the argument in
[9, Lem. 2.1]). We now deform the original contour of integration along the path T,
or v, as in Fig. 3.2, and we take into account the interchange of the branches 27 (7)
based on the parity of the index n by including a factor (—1)*", s = 0,1, in (2.7).
We notice that |®4(7)| = |dz] /dr — dz; /dr| = O(1) as T — +00, so we can appeal
to Watson’s lemma to find a compound asymptotic expansion for F, (u) with respect
to the asymptotic sequence {¢;(u) = p=7}:

1 —+00 1 s n wy, (2 . . 1 —7
Fa) " LS (Cpppm g s>zan,j<zs>r(j+)u i
\/ﬁs:O,l =0 2

anj(2s) = (27 +1) cpoj (z):i lim 4 fulz)~0F/2) (3.2)
n,j\~s n,25+1\~s (2])'z—>z5 dZ2j n . .

3.1. Coefficients of the expansion. Let

1 .. d¥
an,j(zs) = @ Zh_{fils ﬁ {g] (fn(Z))} s
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Rez

_yn+1 _\n
F1G. 3.2. Steepest descent path (solid) I'y, = Far -y +F<1 ) —Fg ) +T'2 and alternate path

in the expansion of Fyp(u) = [ er(2niz—2

(dashed) vn : Sz = Szp = sin( e ) dz as nw— 0o

forn > 3.

477,7: 2 )

where

2n—2
i 2n 9
B = 0= X () A e
k=0

According to the definition of Pochhammer’s symbol (z),,, we let (1/2 — j —m),, =
T(1/2—§)/T(1/2—j—m)=(—j—1/2)- (=j —3/2)---(1/2—j —m) for m > 1 and
let (1/2 — j)o =1 so that we may write

m n—o\—j—1/2—m .
0™ (fulz)) = (n(2n— 1) 222 72 (172 - j—m),, (3.3)
) f (2t 0<k<2n-2, (54)
T 0, kE>2n—1. '

Using (3.3) and (3.4) in Faa di Bruno’s formula (see (1)), we find

235

A, (2s) = Z{ (n(2n -1) an—Z)*jf%fm (12— j — m)m

m=0 _ (3.5)
S () =)
X — 2T .
' S
o il Ok k+2
! .
The summation Z is taken over all 2j-vectors o = (01,...,02;) € N2/ such that

the following conditions are simultaneously satisfied:

01+ 02+ -+ 025 =M,
o1+ 209+ -+ 2jog; =27, ;. (3.6)
or,=0 Vk>2n-1

The last condition o, = 0VEk > 2n — 1 arises from the fact that f,(z) is a
polynomial of order 2n — 2 and therefore any derivative of order k > 2n — 1 of f,(z)
is zero. In order for the product to be nontrivial, we must set the corresponding
powers o}, to zero when k > 2n — 1 (see (1)). This amounts to using the truncated
(2n — 2)-vector o = (01,...,02,2) € N?"=2 in the last product, whereby we can
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reduce conditions (3.6) to a new set of conditions

o1+ 09+ -+ 090 =m,
01+202+~'-+(2’I’L—2)02n,2 =27, . (37)
o, =0 Vk>2n-1

We express (3.5) as

235

A, (2zs) = Z { (n(2n -1) Zgn—2)—j—%—m (12— j —m)m

m=0

(3.8)
/2n—2 1 m ok ok
X () )y
Using the first and second condition in (3.7), we notice that
e (2n—2) 225 272 g ;
H Z£2"*2*k)'ak = 25 k=1 Tk =2 k=1 ROk _ Zg2n72)mf2g.
k=1
We can therefore extract the z; dependency from the summation signs in (3.8):
(o= 2 & { (1/2—j — M)
mi\Fs) = it1/2 m
n(2n —1 . n(2n — 1)
(n(zn— 1) 2| (o2 1) -

We introduce normalized coefficients (o, o = 1) which do not depend on the saddle
points zg:

om—1 :
an; =T +1/2) %zf““ﬁ—l i (2s). (3.10)

The jth coefficient for j > 0 is then a rational number given by

Qn,j =

L(j +1/2) Z { (1/2=j —m)m

Vv (n(2n — 1))j —1 (n2n-1))"
ez ) o (3.11)
! n
()}
o k=
/
where the summation Z is taken over all possible o € N?"~2 such that
01+ 024 -+ 022 =m,
{ o1 +202+ -+ (2n —2)o2p—2 = 2j } (3.12)

A Mathematica code is provided for the reader’s convenience in C to compute the
coefficients a, ; from (3.11) and (3.12) (see also Table C.1).
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3.2. Asymptotic expansion of F,,(u) as g — +oo. From equation (3.1),
we find

4>+oo . s
IJ« 1+n)€,uw7,(z § nj ; n(1+2g)'u J

n—l
501

Since zg = —z1 € A={z2 € C : |z] =1} and wy,(20) = wy(21), we find

( ) H—>+oo 47

————eMPn(20) [ (), 3.13
iy \[n@n =1 w) (3.13)

where H,(p) should be interpreted as a generalized asymptotic expansion with respect
to the asymptotic sequence {p~7}:

oo

=y

7=0

wp(20) + (1 —n(l 4+ 2j5)) arg(zo)) . (3.14)

Since wy(z0) = (2n — 1)izp and 2o = eﬁ,

Rwn(z0) = —(2n — 1)Szg = —(2n — 1) sin <4n7r_ 2) ;

71'
Swn(z0) = (2n — 1)Rzp = (2n — 1) cos <4n — 2) .
Thus (3.13) is

( M*»J,»oo 47T

- oxp {2 = 1ysin

iy \[n@n—1u )}Hn(u) (3.15)

4n — 2

and (3.14) becomes

=0

3.3. Asymptotic zeros of F,(u). H,(u) is the component of the expansion
of F,(u) that determines its zeros, and its mth partial sum H, ,, () can also be
expressed as a compound asymptotic expansion (see Definition 1.1):

T n—1Y ¢~ nj njm
Hyy n (1) = cos (u(Qn—l)COS <4n—2>_ﬂ4n—2>z I COS<2n—1>

=0

. s n—1)\ Qnj . njm
+sin (,u(2n—1)cos (471—2) —71'4”_2); % 51n<2n_1 . (3.17)

The first-order approximation for the zeros of H, ,,, (1) is found immediately by setting
cos(p (2n — 1) cos(3:%) — ™ 7-=5) = 0. Thus we find that the kth ordered positive

4n—2
Zero u,gzl of F,,(u) is given (for k > 1 so that ,u,(czt > 0) by

(0) s T n—1 _ 1
uk"_4n—2860<4n—2> <2n—1 1+2k>+0(k> (3.18)
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as k — 4o00. Solving the equation H, ,,(p) = 0 yields

s n—1
2n—1 —
u2n )COS(4n—2> "an 2
™ G cos( njm ) (3.19)

1 3=0 pI 2n—1
mo Qngj o njmw
STy 2t sin (7%

We expand the tan~! for large p and sufficiently large m and combine it with (3.18)
and (3.19) to find

=km — tan™

©) sec( 1) ) nw 5 . 2nm 1
= o 1N n - -2 n o
M=yt @n—1)n Q1 Sin | oo (aml o ,2) sin (53 o

3 1
+ (ai,l — 3ap,10m,2 + 3Oén,3) sin <2nn_7r1> ﬁ

) dnm 1
_ (O‘ful — 4ai71an72 + 203172 + 4o, 10,3 — 4oy, 4) sin (2n — 1) V]

5 3 2 2
+ (an,l - 5an,1an72 + 50‘”71@71,2 + 5an,1an,3 - 50[”’201"73

5 1 1
— 50y, 10m,4 + 5, 5) sin ( nr ) } +0 (6) _
w
Appealing to Lemma 2.1, we define

on—1) 5ut
sec(—= o, — 2y, 2
Gn(p) =p+ 7(4”_2) {an,1 sin <2 nr ) ! 2 sin (2 nn )
n

@2n—1)p -1 2u n—1
aj 1 = 3an10mg +3ans 3nm sec(i3) any 2 nm
+ - sin — — Sin .
3u? 2n —1 (2n—1) p? 2n—1
(3.20)

Let p,n, denote the kth ordered positive zero of F, (i) so that the fourth-order ap-
proximation of py , is given by

1

Combining (3.11), (3.12), (3.15), (3.16), (3.18), and (3.20), Theorem 1.1 is proved.

3.4. Coefficients a3 j. For n = 2, we verify the validity of formula (3.11) by
finding the corresponding coeflicients c ;j, which should match the coefficients oy; of
§2. The conditions (3.7) on o = (01, ...,02;) come out to be

23 23
> or=m, > kop=2j, and ox=0 Vk2>3.
k=1 k=1
From the third condition, we have that the only nonzero coefficients are o1 and os.

From the first and second condition, they satisfy the 2 x 2 system

o1+ 09 =m,
o1+ 209 = Qj,
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whose unique solution is o = (01 =2(m—j),00 =25 — m). Using n = 2, we have

42(m—j) 1

/2n—2 1 m Ok
z,,: kr_[lak!(kw) T m=)) @i—m)

Equation (3.11) becomes

v LG +1/2) i (1/2=j—m)u LD
o V6l m=0 6™ 2(m—=7) (2j—m)

We discard all terms m < j; thus we let m = k 4 j so that k ranges from 0 to j:

agy = DU YD E D) a6
AN ~ 6~ (2k)! (j —k)!
TG H1/2) & (=i —1/2) (k+5) 8\
— e 2 () 6)
= (see (2.8)).

3.5. Asymptotic zeros of F3(u). For n = 3, the first four coefficients ag j, j =
1,...,4 are given by

11 517 —22253
azo=1, az;=

— = —— = — -21
170807 Y27 6ago0’ Y T 174960000 (3.21)

(see C and Table C.1). In order to describe the asymptotic approximations of the
zeros of F3(u), we need the following trigonometric expressions:

sin(ﬂ):—cos<3ﬁ):\/‘%_1 COS(67T>:_1+\/5
10 5 4 5 1
(67 1 /5-56 ™ /30N 1 5445
an () =B e () i (35) =32
sin (9577-) = —sin (g) = —2sin (%) cos (1%) .

Using (3.11), the first-order approximation is

o _2m [ 2 _(p 3 k>1
= —y/—F= -—, > 0), 3.22
R ] b I E L R

and combining (3.20) and (3.21), the fourth-order approximation is given in the fol-
lowing corollary.
COROLLARY 3.1. Forn = 3 and k > 1, the approzimation of the kth ordered

positive zero ug.s of Fa(u) = fix;o e(62=2") 1 s given by

0 _2m | 2 _3 1
s = g 5+\/5<k 10) O<k as k — +oo.
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The fourth-order approximation is

1
prs = Gs (u,(;):);) +0 <k4> as k — +oo,

SR B S e S A

900 p 20 900 \ 165 2 112

4. Numerical evaluation of the zeros of F,,(x). In this section, a numeri-
cal method is designed to compute the zeros of the function F,(u). The purpose of
including such an analysis is to judge the accuracy of the asymptotic approximations.
This numerical algorithm shows that the high accuracy of the asymptotic predic-
tions is attained for moderately large zeros, thereby confirming the strength of the
asymptotics.

The function F,(u) is approximated using Simpson’s rule and extrapolation, to
which we apply the secant method to locate the zeros. The asymptotic approximations
of the zeros py2 and py 3 of Fao(u) and Fs(p) derived in the previous sections are
compared to their numerically calculated values. We also compare these estimates
to the zeros of hio(p) = Hz10(p) and Hs10(p) (see (2.12) and (3.17)), which are
computed with the secant method.

4.1. Numerical approximation F';L"’l(p) of F,, () by Simpson’s rule. The
numerical evaluation of Pearcey-type integrals has been studied by Connor and Curtis
in [10]. However, since we consider a special case of Pearcey integrals, we devise a
simple algorithm to numerically evaluate Fj,(u). Using the alternate expression for
Fn(n) (see (1.6)) given by

“+ o0
Fa) =2 [ cos(2nuy)e " dy
0

we construct the approximation by dividing the range of integration into subintervals
over which the integrand does not oscillate. Let

1/2
x_1 =0, ap=xp(p) = M for k € N,
2nu
Tk
gn(pt,y) = 2cos(2nuy) exp(—py®™),  Ii(p) = (—1)k/ |gn (12, )| dy
Tk—1
so that
Qn' (k) Ry (w)
Fo(p)=Y_Iiw) =Y I+ > Iiw,
k=0 k=0 k=m+1
where

We first estimate the remainder R} (u):

too 2n T (L, p2n
mp <2 [ e ay = Hlanind)

nuzn

Tm
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where I'(a, z) is the incomplete gamma function defined for Ra > 0. Since I'(a,z) ~
e ®x% 1 as x — +oo (see [1]), we find that

2n

e_uxvn
| Ry ()] < T for sufficiently large pa>".
m

The endpoint z,,, (1) = (m + 1/2)7/(2nu) is chosen in such a way that the contribu-
tion from the remainder R;'(u) is negligible for a fixed (bounded) p. If we require
that

exp (—pz2)) <e=10"", k€N, (4.1)

then it yields a good initial choice for m given by

2n 2n-t 1 1
m = m[K; N, tmax] = Int 7ﬂm2;& (klog10)2 — 3 +1, (4.2)
where Int [z] denotes the integer part of z and pipayx is a bound on the largest zero we
wish compute. It is clear from this analysis that the larger pmax is, the larger m will
need to be, which is why this algorithm is practical only for small roots fi .
We now approximate Q™ (1) by Q™' (u) for large I and moderate m (due to the
rapid decay of the integrand),

Qr(w) =D i) = Q' (w) =Y I (w),
k=0 k=0

where each integral I*(u) is approximated by I*'(u) using Simpson’s rule: I is the
number of grid-points and the spacing h is defined by
Azp  xppr—x) 0T

h=—="="7 = onul’

Since the discretization errors for Iﬁ’l and Q?’l are given by
1 m m m
L(n) = I () + O (z4> Qi =G+ 0 (%),

we can use extrapolation with QT’Z to improve the approximation of F' ! as follows:

Q2 () — Q' (w)
+ 91 1

Fpt(u) = Q™ (u) — QP () = F™ () + 0 (%) .

Thus the final approximation is
. m e~ HT
Fu(p) = F3 (u)+0(75) O\ T

as pr’" — 400 and [ — +o00. Clearly, the constraint on this algorithm arises from the
choice of [ since a moderately large value of m < [ is sufficient to make the remainder
R () as small as desired. Moreover, it is difficult to estimate the asymptotic constant
in the term O(m/I®), which may be large since it involves éd—;gn(u,y). Hence the
choice for [ is made by doubling its value until two successive values of all the zeros
Mkn < [max agree to 10 significant digits.
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4.2. Numerical approximation of the zeros of F;l"’l(u) and H, ., (pn) by
the secant method. We use the secant method to approximate the zeros of F7™! (1)
and H, (@), which appear in the “Numerical values” column and the “H;lm(())”
column of Tables 4.1 and 4.2, respectively. From (3.17), we express H,, ,,(¢) as

. 1—n(1+25 )
Hpy o (1) = ;an,j cos (/A (2n — 1) cos <4n7r— 2> 4 fn(_'; ])> u

and let K(u) stand for either F™'(u) or H, ,n(p). Then the procedure consists in
successively evaluating, for any k > 1 (u > 0),

0 m ™ n—1
- — 142
P = 4 =25 (4n—2) <2n—1 * )

2du
1 0 0 -2
M = Hin — “Kpg,,)  (u=1077),
R R K (R o) — KR, —0u)
1y = 1y
J+1 J ,n ,n
i = My — (ul,),  3>1,

J K
K(Mk,n) - K(/’l‘kJL )
until the convergence of ,ui_n — [k n, which is based upon the relative-error test

" )
Mg:;m - M-I]c,n

j+1
Mk,n

< tol =10710,

4.3. n = 2. If m is chosen so as to satisfy (4.1), then a crude initial choice for
lis I = 10%/% (typically x = 12 = | ~ 250). We take fimax = 11 to be a bound for
the largest zero we wish to compute and take k = 12 so that from (4.2), we find that
m =m([12;2,11] = 18. Starting from I = 10*/® ~ 250, we double the value of [ until all
10 significant figures in the column “Numerical zeros” of Table 4.1 do not change. The
first such value is [ = 1000. Note that for & < 5 (fmax < 6), m = 12 is sufficient. One
can see in Table 4.1 that the values computed from the asymptotic approximations
are very good. Notice that the first zero p; 2 is not well approximated by any of the
asymptotic predictions since it is less than 1. Beyond the first zero, the asymptotic
approximations improve with increasing index k. For 5 <k <8, H, %0(0) agrees with

the numerical values up to 10 digits. For k > 5, u,(:’% and the numerical values agree

up to 8 digits. For £ > 8, the numerical and asymptotic values grow apart due to
the lack of accuracy of the numerical procedure (see the comment following equation
(4.2)). Note also that for k > 8, ;L,(f% and H;jo(O) agree up to 10 digits (H;&O(O)
is computed for the sake of comparison of the asymptotic and numerical estimates).
In computing Hs 10(), the 10 coefficients ap j,j = 1,...,10 are determined using C.
The same is done for Hs 10(u) below.

4.4. n = 3. Once again, we take pmax = 11 to be a bound for the largest zero we
wish to compute and take k = 12 so that from (4.2), we find that m = m[12;3,11] =
25. As in the case n = 2, starting from [ = 250, we double [ until all 10 significant
figures in the column “Numerical zeros” of Table 4.2 do not change. The first such
value is [ = 1000. For k£ > 10, there is 6-digit accuracy when we compare ,ugjg (see
(3.1)) and the numerical values; for 10 < k < 14, there is also 10-digit accuracy when

comparing the numerical values with H;%O(O) and 7-digit accuracy between ,u,(c?’; and
H?:%O(O) for k > 16. These results are reported in Table 4.2.
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TABLE 4.1

00

€
[es]

u(4izfz4)dz.

pk,2 || Numerical zeros ,u,(cog (2.17) ,u,(f% (Corollary 2.2) IE}O(O) (3.17)
H1,2 0.8221037147 0.8061330508 0.8227392717 0.8240052094
H2,2 2.0226889660 2.0153326269 2.0226917275 2.0226893916
©3,2 3.2292915284 3.2245322031 3.2292916648 3.2292915324
Ha,2 4.4372464748 4.4337317792 4.4372464915 4.4372464749
H5,2 5.6457167459 5.6429313554 5.6457167492 5.6457167459
6,2 6.8544374340 6.8521309316 6.8544374349 6.8544374340
w2 8.0632985369 8.0613305077 8.0632985372 8.0632985369
n8,2 9.2722462225 9.2705300839 9.2722462225 9.2722462225
19,2 10.4812510476 10.4797296601 10.4812510479 10.4812510479
TABLE 4.2
Numerical approzimation of the zeros puy 3 of F3(u) = ffooo er(6i2=2%) g
I3 Numerical zeros ,ugg (3.22) ,u,(:’% (Corollary 3.1) H;}O(O) (3.17)
H1,3 0.5006640277 0.4624572398 0.4845169688 0.46750721075
H2,3 1.1311965433 1.1231104397 1.1333562062 1.1332534896
H3,3 1.7905548747 1.7837636396 1.7903635764 1.7903439964
Ha,3 2.4492569634 2.4444168394 2.4492848081 2.4492788273
15,3 3.1089250327 3.1050700392 3.1089251416 3.1089227904
16,3 3.7689127436 3.7657232391 3.7689140713 3.7689129739
H7,3 4.4290976016 4.4263764389 4.4290981557 4.4290975781
18,3 5.0894021100 5.0870296388 5.0894024443 5.0894021124
19,3 5.7497857943 5.7476828386 5.7497859980 5.7497857940
10,3 6.4102244359 6.4083360384 6.4102245680 6.4102244359
H11,3 7.0707027897 7.0689892382 7.0707028789 7.0707027897
H12,3 7.7312107680 7.7296424381 7.7312108304 7.7312107680
13,3 8.3917414319 8.3902956379 8.3917414769 8.3917414319
H14,3 9.0522898522 9.0509488377 9.0522898854 9.0522898522
H15,3 9.7128524305 9.7116020376 9.7128524558 9.7128524307
H16,3 10.373426479 10.372255237 10.373426499 10.373426480
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Appendix A. Proof of Lemma 2.1. To prove this lemma, we successively
substitute higher estimates in the equation: Let ¢ = p(?9); then the asymptotic relation

reads
1
u:<+‘“(a2+“3+“§+“g+“§)+o<6>.
iz woop iz w K
We have
a1a9 1
p=_C+ +0 (>
¢ ¢
followed by
aias  a1a3 1
p=q+ + + 0 () .
¢ ¢? ¢
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We now have

aia9 aija9 ( _ aja9 _ a1a3) 0 (1)
1 ¢ ¢ & ¢

aias a1ag ai1ae 1
et (1) ro(3)

so that there is a —(a1a2)?/¢3 and a —3a2asas/¢* correction term:

2 2
araz  araz  ajag — (arag) N ajas — 3aiazag N O( 1 )

h=Ct et & c

Finally, we use

a1az _ 4142 <1 a1a2 B a1§3 1G4 —<£a1a2)2 + (algf)Q) +0 (1> ,

ai1as a1a3 aias  a1as 1
= (o (42 &) +o(s)
aiaq ala4 a1G2 1
5w () rols)

so that we must add a ( 4a2asaq + 2a3a3 — 2a1a3) /¢® correction term. Thus we find

2
a a3 a4 —a1a5 a5 — 3010203
u=C+<a2++ +
¢ ¢ ¢? ¢?
ag — 2a1a% + 2a2a3 — 4aiaqa 1
S A M i R 1“)+0(

I CG) as ¢ = p(® — +oo.

Appendix B. Faa di Bruno’s formula. For a = (a1, as,...,a,) € N, follow-
ing the notation in [1], we define the multinomial coefficients

n!
(n;a17a27"'7an): | | 1
a1:ag: -+ Qp-
, n!

(n, a13a23-..7a/n) = (1'>G1a1|(2l)(l2a2|(n')@nan'

The nth derivative of the composition of two functions is given by Faa di Bruno’s
formula in [1, §24.1.2] and [13]:

m=0 aENn k=1

N ) /ol NI

- Z:Og (f(l')) Z al!a2! a | H k' I (1)
m= acN® k=1

!
where the second summation sign E is taken over all integer n-vectors a

€Nn
(a1,a2,...,a,) € N" such that ), kar, = a1 +2a2+---+na, =nand |a| = ), ax
ai t+ag+---+a, =m.
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TaBLE C.1
Coefficients aun,; forn=2,...,10 and j =1,...,5.

anj 1 2 3 4 5
2 7 385 39655 665665 —1375739365
144 41472 17915904 10319560704 1486016741376
3 11 517 —22253 —158440051 —3797666873
180 64800 174960000 125971200000 4534963200000
4 15 705 —23595 —26196885 —9089431065
224 100352 22478848 20141047808 31581162962944
5 19 931 —111587 —761484451 6741607873
270 145800 73811250 637729200000 172186884000000
6 115 29785 —42479045 —163420180175 56283394450535
1584 5018112 23846068224 151088688267264 239324482215346176
7 27 1485 —188595 —138332205 128908298475
364 264992 96457088 140441520128 357844993286144
8 217 88753 —1487341219 —7471144611931 2114755751777669
2880 16588800 716636160000 8255648563200000 4755253572403200000
9 35 1085 —295295 —1787240455 30838042235
459 210681 136521288 2130551220528 61120188138897
10 117 23049 —78289029 _ 167354724537 178036244368983
1520 4620800 35118080000 213517926400000 324547248128000000

Appendix C. Mathematica code for the computation of the coefficients
o, ;. We present a code in Mathematica to compute the rational representation of
the coefficients o, ; which appear in Theorem 1.1. They are given by

25

n,j ﬁ(n(anl))j mzz:o (n(?n—l))m za: k1;[1 og! (k+2) ’

I
where the summation Z is to take place over all possible o = (01,...,09,-2) €
o

N2n72 such that o1+o09+---+09,_ 2= m, and o1+ 202 +--- 4 (2n — 2)0’271,2 = 2j
<< DiscreteMath‘Combinatorica‘;

vector[n_, j_, m_] := Module[ {dim,k2}, dim=2n-2; k2=2j;

If[ j==0, 1, Applyl[ Plus, Map[ (Apply [Times, Flatten[
MapIndexed[((Binomial[2n, #2+2] #1)/#11)&, #1,111)¢&,
Select[ Flatten[ Map[ Permutations, Select[

Map[ (Join[ Table[0, {dim-Length[#]3}],#])&, Partitions[m]],
(Length[#] == dim)&]1,1], (Rangeldim] . # == k2)& 11 11 1;

Alphaln_,j_] := Gammal[j+1/2] / (Sqrt[Pi] (n(2n-1))"j) *
Sum[ Pochhammer[1/2-j-m,m] / (n(2n-1))"m * vector[n,j,m], {m,0,2j}];

Appendix D. The author thanks his thesis advisor, Professor R. Caflisch, for his
continuing support and interest. Special thanks go to Professor K. Holczer for his en-
couragement and hospitality. The author is also grateful to Professors C. K. Chu and
P. Roberts for their encouragement, Dr. K. Dempsey for many valuable conversations,
David Faraldo for his help in writing the Mathematica code in C, and the referee for
her/his careful review and comments, which helped improve this contribution.
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